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Abstract
A connected dominating set is an important notion and has many applications in routing and management of networks. Graph
products have turned out to be a good model of interconnection networks. This motivated us to study the Cartesian product of
graphs G with connected domination number, γc(G) = 2, 3 and characterize such graphs. Also, we characterize the k − γ -vertex
(edge) critical graphs and k − γc-vertex (edge) critical graphs for k = 2, 3 where γ denotes the domination number of G. We also
discuss the vertex criticality in grids.
c⃝ 2015 Kalasalingam University. Production and Hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
A connected dominating set is an important notion and has many applications in routing and management of
networks. Graph products have turned out to be a good model of interconnection networks, [1]. This motivated us to
study the connected dominating set in product graphs.
Let G = (V, E) be a simple connected graph with |V | = n and |E | = m. The neighbourhood of a vertex
u is the set N (u) consisting of all vertices v which are adjacent to u. The closed neighbourhood of a vertex u is
N [u] = N (u) ∪ {u}. A set S ⊆ V of vertices in a graph G is called a dominating set if every v ∈ V is either an
element of S or is adjacent to an element of S. The domination number, γ (G) of a graph G is the minimum cardinality
of a dominating set in G. A dominating set of G is a minimum dominating set if |S| = γ (G). A dominating set S is
connected if the induced subgraph ⟨S⟩ is connected. The minimum cardinality of a connected dominating set is the
connected domination number, γc(G). These notions are discussed in detail in [2]. Edge critical graphs are graphs in
which the domination number decreases upon the addition of any missing edge while vertex critical graphs are graphs
in which the domination number decreases upon the deletion of any vertex. Following the notations in [3,2] we say
that G is k − P-edge critical if P(G) = k and P(G + e) < k for each edge e ∉ E(G) and G is k − P-vertex critical
if P(G) = k but for each vertex v ∈ G, P(G − v) < k where P ∈ {γ, γc}.
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The Cartesian product GH of two graphs G and H is the graph with vertex set V (G) × V (H) and two
vertices uiv j , uxvy are adjacent if either ui = ux and v j − vy ∈ E(H) or ui − ux ∈ E(G) and v j = vy . Also,
γ (GH) 6 min{γ (G) |H | , γ (H) |G|} and γ (GH) > min{|G| , |H |}, [4].
In [5] Y.C. Chen and Y.L Syu studied the minimum connected dominating set (MCDS) of the n-dimensional hyper-
cubes and n-dimensional star graphs. In [6] Sumner et al. characterized 2 − γ -edge critical graphs and disconnected
3− γ -edge critical graphs. For k > 4, a characterization of connected k − γ -edge critical graphs is not known. In [7]
Chen et al. gave a characterization of 2 − γc-edge critical graphs and gave some conditions for graphs to be critical.
In [8] Brigham et al. characterized 2−γ -vertex critical graphs. In [9] Flandrin et al. studied some properties of 3−γ -
vertex critical graphs. Some properties of 3 − γc-vertex critical graphs are discussed in [10]. However for k > 3, no
characterization of k − γ -vertex critical graphs and k − γc-vertex critical graphs is known. In [11] Goncalves et al.
studied the domination number of grids, the Cartesian product of paths.
In [12] and [13] we have studied the problems of changing diameter by the addition or the deletion of some edges
for the Cartesian product of graphs.
We denote the Cartesian product of graphs as G ∼= H1H2 with V (H1) = {u1, u2, . . . , un1}, V (H2) ={v1, v2, . . . , vn2} and V (H1H2) = {u1v1, u1v2, . . . , un1vn2}. Since, H1K1 ∼= H1 we assume that H1, H2 ≠ K1.
In this paper, we characterize graphs G ∼= H1H2 with γc(G) = 2, 3. Also, we characterize the k − γ -vertex
(edge) critical graphs and k − γc-vertex (edge) critical graphs for k = 2, 3 where γ and γc denote the domination
number and the connected domination number of G respectively. We also discuss the vertex criticality in grids.
2. Domination critical graphs
Theorem 2.1. Let G ∼= H1H2 be a connected graph. Then γ (G) = 2 if and only if H1 = K2 and H2 is either a C4
or has a universal vertex.
Proof. If G ∼= K2C4, then a minimum dominating set of G is D = {u1v1, u2v3}.
If G ∼= K2H2, where H2 has a universal vertex vi , then a minimum dominating set of G is D = {u1vi , u2vi }.
Hence, γ (G) = 2 in both the cases.
Conversely suppose that γ (G) = 2.
Suppose that both H1 and H2 are not complete graphs.
Then, γ (G) > min{|V (H1)| , |V (H2)|} > 3.
Hence, at least one graph (say) H1 should be complete.
Let G ∼= Kn1H2.
Suppose that H1 is a complete graph of order at least three. If H2 has a universal vertex, then a minimum dominating
set of G contains vertices from each layer of G and γ (G) > min{n1, n2}. If H2 does not have a universal vertex, then
γ (H2) > 2 and a minimum dominating set of G contains vertices from each layer of G and γ (G) > n1. Thus, in both
the cases γ (G) > 3. Hence, n1 = 2. Thus, G ∼= K2H2.
Let n2 > 2.
Then, γ (G) 6 min{2γ (H2), n2γ (K2)} = min{2γ (H2), n2} (1).
From (1), we have γ (G) = 2, only if H2 has a universal vertex, since n2 > 2.
Next, we consider the case when γ (H2) > 2.
Let n2 > 5.
Suppose that H2 contains a vertex vi of degree (n2 − 2) and vi is not adjacent to v j . Then, γ (H2) = 2. Now, a
minimum dominating set of G is D = {u1vi , u2vi , u1v j } and γ (G) = 3. If H2 contains a vertex of degree at most
(n2 − 3), then γ (H2) = 2. Let vp be a vertex of degree (n2 − 3) and is not adjacent to vq and vr in H2. Then, in G the
vertices u1vi and u2vi dominates 2n2 − 4 vertices and the remaining four vertices u1vq , u1vr , u2vq and u2vr cannot
be dominated by a single vertex. Hence, in these cases γ (G) > 3. Thus, n2 6 4.
Now, by an exhaustive verification of all graphs with n2 6 4 it follows that G ∼= K2C4. 
Corollary 2.2. Let G ∼= H1H2 be a connected graph. Then G is 2− γ -vertex critical if and only if G = C4.
Proof. In Theorem 2.1 we have characterized the Cartesian product of graphs with γ (G) = 2. Hence, we need to
prove the theorem only for such Gs.
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Fig. 1. (i) G = K2C4 (ii) G = K2K1,n .
First, note that G ∼= K2C4 is not 2− γ -vertex critical.
Now, consider G ∼= K2Kn2 , where n2 > 3. Then, a minimum dominating set D = {u1vx , u2vx } of G contains a
vertex from each layer of Kn2 . Now, let a vertex uivp where p ∈ {1, 2, . . . , n2}, be deleted. If p = x , then we can find
another minimum dominating set D = {u1vy, u2vy}. If p ≠ x , then the minimum dominating set D = {u1vx , u2vx }
of G remains the same. Thus, in both the cases γ (G − v) = γ (G) = 2∀v ∈ V (G). Hence, H2 = K2.
Consider G ∼= K2H2, where H2 is a non-complete graph with a universal vertex vp. Then, a minimum dominating
set D = {u1vp, u2vp} of G contains a vertex from each layer of H2. Now, let a vertex u1vq where q ∈ {1, 2, . . . , n2},
be deleted. If p ≠ q, then the minimum dominating set D = {u1vx , u2vx } of G remains the same. If p = q, then
in G the vertex u2vq dominates the n2 vertices u2vi and the remaining n2 vertices cannot be dominated by a single
vertex, since we have deleted the universal vertex from the layer of H2. Hence, γ (G) > 3. Thus γ (G − v) > γ (G)
∀v ∈ V (G). Hence, G ∼= K2H2 is not 2− γ -vertex critical. 
Corollary 2.3. Let G ∼= H1H2 be a connected graph. Then G is 2− γ -edge critical if and only if G = C4.
Proof. In Theorem 2.1 we have characterized the Cartesian product of graphs with γ (G) = 2. Hence, we need to
prove the theorem only for such Gs.
First, note that G ∼= K2C4 is not 2− γ -edge critical.
Consider G ∼= K2H2, where H2 is a complete graph or a non-complete graph with a universal vertex and n2 > 3.
Let an edge u1vp − u2vi where i ∈ {1, 2, 3, . . . , n2}, be added. Then, the addition of this edge does not make either
G a complete graph or a graph with a universal vertex. Thus, γ (G) remains the same. Hence, H2 = K2. 
Corollary 2.4. Let G ∼= H1H2 be a connected graph. Then γc(G) = γ (G) = 2 if and only if H1 = K2 and H2 has
a universal vertex.
Proof. It suffices to show that the dominating set of G in Theorem 2.1 is connected.
Consider G ∼= K2C4. Then, a minimum dominating set of G is D = {u1v1, u2v3} and γ (G) = 2. From Fig. 1, it
is clear that, ⟨D⟩ is disconnected.
Consider G ∼= K2H2, where H2 is a complete graph or a non-complete graph with a universal vertex vp.
Then, a minimum dominating set of G is D = {u1vp, u2vp} and ⟨D⟩ is connected. Hence, γc(G) = γ (G) = 2. 
Corollary 2.5. Let G ∼= H1H2 be a connected graph. Then G is 2− γc-vertex critical if and only if G = C4.
Corollary 2.6. Let G ∼= H1H2 be a connected graph. Then G is 2− γc-edge critical if and only if G = C4.
Theorem 2.7. Let G ∼= H1H2 be a connected graph. Then γ (G) = 3 if and only if G is the Cartesian product of
any one of the following graphs where,
(a) H1 is a K3 or P3 and H2 has a universal vertex.
(b) H1 is a K2 and H2 has a vertex of degree n2 − 2.
(c) H1 is a K2 and H2 has a vertex vr of degree n2 − 3 and is not adjacent to the vertices vp and vq with
N [vp] ∪ N [vq ] ∪ {vr } = V (H2).
(d) H1 is a K3 or P3 and H2 is a C4.
Proof. Let G ∼= H1H2 where H1 is a K3 or P3 and H2 has a universal vertex vi . Then, a minimum dominating set
of G is D = {u1vi , u2vi , u3vi } and γ (G) = 3.
If G ∼= K2H2 where H2 has a vertex v j of degree n2 − 2 and v j is not adjacent to vp in H2, then a minimum
dominating set of G is D = {u1v j , u2v j , u1vp} and γ (G) = 3.
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Further if G ∼= K2H2 where H2 has a vertex vr of degree n2−3 and is not adjacent to the vertices vp and vq with
N [vp] ∪ N [vq ] ∪ {vr } = V (H2), then a minimum dominating set of G is D = {u1vr , u2vp, u2vq} and γ (G) = 3.
Now, G ∼= H1C4 where H1 is a K3 or P3, then a minimum dominating set of G is D = {u1v1, u2v3, u3v1} and
γ (G) = 3.
Conversely suppose that γ (G) = 3.
(I) Suppose that both H1 and H2 are complete graphs, where n1, n2 > 4.
Then, γ (G) > min{4, 4} = 4. Thus, at least one graph (say) H1 has order n1 6 3. But γ (G) = 3 only if H1 is a
K3. Hence, G ∼= K3Kn2 where n2 > 3.
(II) Suppose that H1 is a complete graph and H2 is not a complete graph.
If n1, n2 > 4, then γ (G) > 4. Thus, to prove the theorem we have to consider the following cases.
(1) Let n1 = 2 and n2 = 3. Then γ (G) = 2.
(2) Let n1 = 2 and n2 > 4.
Consider G ∼= K2H2. From (1), we have γ (G) 6 min{2γ (H2), n2}. Thus, it is clear that we do not have to
consider the case when γ (H2) = 1, since γ (G) = 3. Hence, γ (H2) > 2.
If γ (H2) > 3, then γ (G) > 4. Hence, we need consider only the case when γ (H2) = 2.
Now, suppose that H2 is not a complete graph with γ (H2) = 2.
Suppose that a minimum dominating set of H2 is D = {vp, vq}.
Let a minimum dominating set of G be D = {u1vp, u1vq , u2vp}. The vertices u1vp and u1vq dominates n2 + 2
vertices in G. Now, the remaining 2n2 − (n2 + 2) = n2 − 2 vertices will be dominated by a single vertex u2vp, only
if deg(vp) = n2 − 2. Hence, H2 has a vertex of degree n2 − 2. This, proves (b).
Let a minimum dominating set of G contain a vertex u1vr where vr is not a neighbour of vp and vq in H2. The vertex
u1vr dominates the n2−1 vertices u1vx and u2vr , where x ≠ r ∈ {1, 2, . . . , n2} in G. If the dominating set contains the
vertex u2vr , then the vertices u1vr and u2vr dominates 2n2−4 vertices in G. The remaining four vertices u1vq , u1vq ,
u2vp and u2vq cannot be dominated by a single vertex and hence γ (G) > 3. Thus, the dominating set does not contain
the vertex u2vr . Since, a minimum dominating set of G contain the vertex u1vr and vr is not a neighbour of vp and vq
in H2, the dominating set of G should contain the vertices u2vp and u2vq . Now, the remaining 2n2−(n2−1) = n2+1
vertices will be dominated by the vertices u2vp and u2vq , only if N [vp] ∪ N [vq ] = V (H2) − vr . Hence, H2 has a
vertex vr of degree n2 − 3 and is not adjacent to the vertices vp and vq with N [vp] ∪ N [vq ] ∪ {vr } = V (H2). This,
proves (c).
(3) By an exhaustive verification of all graphs with n2 = 4 it follows that G ∼= K3C4.
(4) Let n1 = 3 and n2 > 4.
Consider G ∼= K3H2. Let γ (H2) > 2. Then, γ (G) > 4. Thus, H2 has a universal vertex.
(5) Let n2 = 3 and n1 > 3.
If G ∼= Kn1P3, then a minimum dominating set of G is
D = {u1v1, u1v2, u1v3}. The vertex u1v1 dominates the vertices uiv1 where i ∈ {1, 2, . . . , n1}, since H1 is a
complete graph. Similarly, the vertices u1v2 and u1v3 dominates the remaining vertices in G. Thus, γ (G) = 3.
(III) Suppose that both H1 and H2 are not complete graphs.
If n1, n2 > 4, then γ (G) > 4. Hence, n1 = 3 and n2 > 4.
If γ (H2) > 3, then clearly γ (G) > 4. Hence, the domination number of H2 is at most 2.
We know that γ (G) 6 min{3γ (H2), n2}.
If γ (H2) = 1 when vi is a universal vertex in H2, then γ (G) = 3. Hence, G ∼= P3H2, where H2 has a universal
vertex.
Now, suppose that γ (H2) = 2 and n2 > 6. Then, by a similar argument of II(2) it follows that γ (G) > 4. Hence,
n2 6 5.
By an exhaustive verification of all graphs with n2 = 3, 4, 5 it follows that G ∼= P3C4. 
Corollary 2.8. Let G ∼= H1H2 be a connected graph. Then G is a 3 − γ -vertex critical graph if and only if
H1 = H2 = K3.
Proof. It suffices to prove that γ (G − v) < γ (G) ∀v ∈ G of Theorem 2.7.
Consider G ∼= K3Kn2 where n2 > 4. Then, a minimum dominating set D = {u1vx , u2vx , u3vx } of G contains
a vertex from each layer of Kn2 . Now, let a vertex uivp where p ∈ {1, 2, . . . , n2}, be deleted. If p = x , then we
can find another minimum dominating set D = {u1vy, u2vy, u3vy}. If p ≠ x , then the minimum dominating set
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D = {u1vx , u2vx , u3vx } of G remains the same. Thus, in both cases γ (G − v) = γ (G) = 3 ∀v ∈ V (G). Hence,
H2 = K3.
Consider G ∼= K3H2 or G ∼= P3H2 where H2 has a universal vertex vi . Then, a minimum dominating set
D = {u1vi , u2vi , u3vi } of G contains a vertex from each layer of H2. Now, let a vertex u1vq where q ∈ {1, 2, . . . , n2},
be deleted. If i ≠ q , then the minimum dominating set D = {u1vi , u2vi , u3vi } of G remains the same. If p = i , then in
G, the vertices u2vi and u3vi dominates the 2n2 vertices and the remaining n2 vertices u1vx , where q ∈ {1, 2, . . . , n2}
cannot be dominated by a single vertex, since we have deleted the universal vertex from the layer of H2. Hence,
γ (G) > 3. Thus γ (G − v) > γ (G) ∀v ∈ V (G). Hence, G ∼= K3H2 or G ∼= P3H2 is not 3− γ -vertex critical.
Consider G ∼= K2H2 where H2 has a vertex vi of degree (n2 − 2) and is not adjacent to the vertex v j .
Then, a minimum dominating set of G is D = {u1vi , u2vi , u1v j } and γ (G) = 3. Now, let a vertex u1vq where
q ∈ {1, 2, . . . , n2}, be deleted. If i ≠ q , then the minimum dominating set D = {u1vi , u2vi , u1v j } of G remains the
same. If q = i , then in G, the vertices u2vi and u1v j dominates the n2 + 1 vertices and the remaining n2 − 1 vertices
u1vx cannot be dominated by a single vertex, since we have deleted the vertex u1vi from the layer of H2. Hence,
γ (G) > 3 and G ∼= K2H2, where H2 has a vertex vi of degree (n2 − 2), is not 3− γ -vertex critical.
Consider G ∼= K2H2, where H2 has a vertex vp of degree at most (n2 − 3) and vp is not adjacent to vq and vr .
Then, by a similar argument, as in the above case, it follows that γ (G) > 3. Hence, G ∼= K2H2, where H2 has a
vertex of degree at most (n2 − 3), is not 3− γ -vertex critical.
Consider G ∼= K3C4, G ∼= P3C4 and G ∼= K2C5.
In all these cases G is not 3− γ -vertex critical. 
Corollary 2.9. Let G ∼= H1H2 be a connected graph. Then G is a 3 − γ -edge critical graph if and only if
H1 = H2 = K3.
Proof. It suffices to prove that γ (G + e) = 2 ∀e ∉ G of Theorem 2.7.
Consider G ∼= K3H2 or G ∼= P3H2, where H2 has a universal vertex v1 and n2 > 4. Then, a minimum
dominating set of G is D = {u1v1, u2v1, u3v1}. In G, the vertex u1v1 dominates the n2 vertices u1vi , where
i ∈ {1, 2, 3, . . . , n2} and u2v1 dominate the n2 vertices u2vi , where i ∈ {1, 2, 3, . . . , n2}. Let an edge u1v1 − u2vp,
be added. Then, in G the vertex u1v1 dominates the n2 + 1 vertices u1vi , u2vp, where i ∈ {1, 2, 3, . . . , n2} and u2v1
dominates the n2 − 1 vertices u2vi , where i ≠ p ∈ {1, 2, 3, . . . , n2} and u3v1 dominates the n2 vertices u3vi , where
i ∈ {1, 2, 3, . . . , n2}. Hence, the minimum dominating set D = {u1v1, u2v1, u3v1} of G remains the same. Thus,
n2 = 3. By an exhaustive verification of all such graphs, it follows G is a 3 − γ -edge critical graph if and only if
H1 = H2 = K3.
Consider G ∼= K2H2, where H2 has a vertex vi of degree n2 − 2 and vi is not adjacent to v j . Then, a minimum
dominating set of G is D = {u1vi , u2vi , u1v j }. In G, the vertex u1vi dominates the n2 − 1 vertices u1vp, where
p ≠ j ∈ {1, 2, 3, . . . , n2} and u2vi dominates the n2 − 1 vertices u2vp, where p ≠ j ∈ {1, 2, 3, . . . , n2}.
Let an edge u1vi − u2v j , be added. Then, in G the vertex u1vi dominates the n2 vertices u1vp, u2v j , where
p ≠ j ∈ {1, 2, 3, . . . , n2} and u2v1 dominates the n2 − 1 vertices u2vp, where p ≠ j ∈ {1, 2, 3, . . . , n2} and
the remaining one vertex u1v j is not dominated by the vertices u1vi and u2vi . Hence, the minimum dominating set
D = {u1vi , u2vi , u1v j } of G remains the same. Thus, G ∼= K2H2, where H2 has a vertex vi of degree n2 − 2, is not
3− γ -edge critical.
Consider G ∼= K2H2, where H2 has a vertex vp of degree at most (n2 − 3) and vp is not adjacent to vq and vr .
Then, by a similar argument, as in the above case, it follows that γ (G) = 3. Hence, G ∼= K2H2 where H2 has a
vertex of degree at most (n2 − 3), is not 3− γ -edge critical.
In all other cases, G is not 3− γ -edge critical. 
Corollary 2.10. Let G ∼= H1H2 be a connected graph. Then γc(G) = γ (G) = 3 if and only if H1 is a K3 or P3
and H2 has a universal vertex.
Proof. It suffices to prove that the dominating set of G in Theorem 2.7 is connected.
Consider G ∼= K3H2 or G ∼= P3H2, where H2 has a universal vertex vi .
Then, a minimum dominating set of G is D = {u1vi , u2vi , u3vi } and γ (G) = 3. Also, ⟨D⟩ is connected. Hence,
γc(G) = 3.
Consider G ∼= K2H2, where H2 has a vertex v j of degree (n2−2) and v j is not adjacent to vx . Then, a minimum
dominating set of G is D = {u1v j , u2v j , u1vx } and γ (G) = 3. Since, γ (G) = 3 a dominating set of G should contain
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the vertices u1v j and u2v j . Now, there exist two vertices u1vx and u2vx in G which are not dominated by u1v j and
u2v j . Let vr be a vertex adjacent to v j and vx in H2. If the dominating set contains the vertex u1vr in G, then it
dominate only the vertex u1vx . Thus, the remaining vertices u1vx and u2vx will be dominated by a single vertex, only
if D contains u1vx . Otherwise, γ (G) > 4. Hence, ⟨D⟩ is disconnected, since v j is not adjacent to vx .
Consider G ∼= K2H2, where H2 has a vertex vp of degree (n2 − 3) and vp is not adjacent to vq and vr with
N [vp] ∪ N [vq ] ∪ {vr } = V (H2). Then, a minimum dominating set of G is D = {u1vp, u2vq , u2vr } and γ (G) = 3.
Now, by the same argument as in the previous case, it follows that ⟨D⟩ is disconnected. Hence, γc(G) > 4.
In all other cases, γ (G) = 3 and ⟨D⟩ is disconnected. Hence, γc(G) > 4. 
Corollary 2.11. Let G ∼= H1H2 be a connected graph. Then G is a 3 − γc-vertex critical graph if and only if
H1 = H2 = K3.
Corollary 2.12. Let G ∼= H1H2 be a connected graph. Then G is a 3 − γc-edge critical graph if and only if
H1 = H2 = K3.
Note: It follows from Corollaries 2.4 and 2.10 that if G is a graph with γc(G) = 2, then diam(G) 6 3 and if
γc(G) = 3, then diam(G) 6 4.
3. Vertex criticality in grids
Theorem 3.1. Let G ∼= Pn1Pn2 . Then G is a vertex critical graph if and only if G ∼= P2P2.
Proof. It suffices to prove the converse.
Let G ∼= Pn1Pn2 , where n1, n2 > 3.
Let uiv j ∈ D, where i ≠ 1, n1. Since, each vertex in D will dominate at most five vertices, it will dominate two
vertices from uivx − uivy and two vertices each from ui−1vx − ui−1vy and ui+1vx − ui+1vy . Let a vertex uiv j−1, be
deleted. Then, the minimum dominating set D of G remains the same. Hence, G is not a vertex critical graph.
Thus, n1 = n2 = 2. 
Theorem 3.2. Let G ∼= Pn1Pn2 . If n1, n2 > 4, then a minimum dominating set of G is disconnected.
Proof. Let uiv j ∈ D. Since, the maximum degree of a vertex in G is four, each vertex in D will dominate at most
five vertices, it will dominate two vertices from uivx − uivy , where vx − vy ∈ E(H2) and two vertices each from
ui−1vx − ui−1vy and ui+1vx − ui+1vy .
Now, suppose that the vertex u pv j+1 ∈ D. If p ≠ i , then ⟨D⟩ is disconnected. If p = i , then D should contain a
vertex either from ui−1vx − ui−1vy or from ui+1vx − ui+1vy , since n1, n2 > 4. Then, ⟨D⟩ is disconnected. 
Corollary 3.3. Let G ∼= Pn1Pn2 . Then γc(G) = γ (G) if and only if G is any one of the following graphs where,
(a) G ∼= P2P2.
(b) G ∼= P2P3.
(c) G ∼= P3P3.
(d) G ∼= P3P4.
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